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Why bother?

NC!

TCO Entities

Transformers SSMs

NC (Nick's Class) = Problems that can be efficiently solved on a parallel Computer.

TCO = Threshold Circuits of Depth O

SSM = State-space model
RNN = recurrent neural network Merrill et al. ICML 2024
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Autonomy as a continu

v’ Practical decision making is
naturally modeled a continuous
process

v’ Dynamical system described by
differential equations

v’ Recurrence, memory, and
sparsity
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What is a continuous- time/depth neural network?

——=] (n,k,leype) (:C ’ 8 Residual Network ODE Network
t
5 5 .
Number of layers / I\/IodeI parameters 4 ¢ ISS 1
Width | - <3 ¢ N
nputs = § \
Hidden state o
o 2 ]
activations — sigmoid (1.0) - 1 ®
! ——————| = someid23) Dynamical systems
sl : :;Eplt'ls 0
gaussian Input/Hidden/Output Input/Hidden/Output
ol dh(t
hit 1 =hy + f(he, 6;) % = f(h(t),t,0)
—_/ He et al. Chen et al.
’ CVPR 2016 NeurlPS 2018
N Figure Credit: Chen et al. NeurIPS 2018
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What is a continuous- time/depth neural network?

Standard Recurrent
x(t+1)=f(x(t)I(t)t;0
Neural Network (RNN) ( ) = fx(@), 1(8) )

Hopfield 1982

Neural ODE dx(t)

Chen et al. NeurlPS, 2018 dt f(x(t)’ I(t)’ t; 0)

Continuous-time d —— Ground Truth
X(t) X(t) servation

(CT) RNN = (), 1(8),¢;6) Bl

Funahashi et al. 1993 B == Extrapolation

Figure Credit: Chen et al. NeurlPS 2018
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Liquid Time-Constant (LTC) networks

1. Linear state-space model

dx(t)/dt = —x(t)/7 + S(¢) S(t) € RM

2. Non-linear synapse Model

S(t) = f(x(t),1(t),t,0)(A—-x(t))

C dx(t) A

O = [ O, 100), 1.0) | x()+ (1), 1(8), 1, 6) A

\ Liquid” = variable y

I = == Flexible Decision Making .
i R Hasani Hasani et al. AAAI 2021



Liquid Time-Constant (LTC) networks

Standard Neural Nets

W
0=

B

1 . . . .
I /[t intrinsic coupling
(t) Wo(.) liquidity modulator

B input regulator
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Standard Neural Network

0.06 0.08 0.1 0.12

Steering angle

Liquid Neural Network
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LTCs have stable state and time-constant

System time-constant

T

— 4 FX(0),1(2).1,0) |x(0)+  (x(2), L(8) , 6) A Toys = T (0 10 7.0)

\ |

Theorem 1. Time-constant of each LTC neuron is bounded:

7_7,/(]- + Tsz) < Tsys; < T

Theorem 2. The state of each LTC neuron is bounded

min(0, A7) < z;(t) < maz(0, A7)

I === Flexible Decision Making . 18
i R Hasani Hasani et al. AAAI 2021



Liquid Time-Constant Networks are Universal Approximators

Theorem 3. LTCs are universal approximators

ax(t)

= - E + f(x(t),l(t),t,9)]x(t)+f(x(t>,l(t),t,9)A

I = == Flexible Decision Making .
i R Hasani Hasani et al. AAAI 2021
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Expressivity
Defining a better measure

Trajectory Length as a measure of expressivity of Deep networks
[Raghu et al. ICML 2017]

n hidden layers each of width k
2
Weights ~ V'(0,2*
RelLU activations

Projection to trajectory
latent 2-D space
Input trajectory Q \S
Projection to trajectory H dt  Arc-length
latent 2-D space I
d
]E{lz(d)t }ZO — | l(x(t

[Raghu et al. ICML 2017]
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Expressivity

Trajectory length as a measure of expressivity

Let’s implement the trajectory space for time-continuous models

Projection to a latent

Input trajector
i J Y trajectory 2-D space

2"d | atent Dimension
Q

PCA
. . Input
PCA = Principle Component Analysis _Lr%s
. | —— ODE-RNN
) o CT-BNN
Weights ~ NV (0,—* )
k 15! Latent Dimension
activation functions: ) ) ,
L . o2 =1 o2 =2 0% =4 RK45
ReLU/ tanh/ /OQ/SUC sigmoli d I(N-ODE) = 76.8928 I(N-ODE) = 105.3978 I(N-ODE) = 227.3078 Hard tanh
ICT-RNN) = 28.807 I(CT-RNN) = 84.3868 ICT-RNN) = 208.133
I(LTC) = 3052.0265 I(LTC) = 16889.202 (LTC) = 276980.4953 Depth =1
S S S S Width = 100
2 2 = 7
B ) 2 %=1
[a) (a) [a)
§ é ,“C_,’ Inputs
9 g S N-ODE
b= ko] o CT-RNN
Y Y ~ LTC
15t Latent Dimension 15t Latent Dimension 15t Latent Dimension
m == Flexible Decision Makin . 21
i R Hasani ° Hasani et al. AAAI 2021



Expressivity

Trajectory length as a measure of expressivity
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Trajectory Length
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Expressivity

Trajectory length lower bound

Neural ODE: E [I(z(4 (¢
CT-RNN:  E[I(z4D(¢))
LTC: E[1(2D(t))

== Flexible Decision Making

I I I R. Hasani
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LTCs: Performance
High-fidelity autonomy by LTCs - end-to-end learning

200x60 Conv Conv Conv Conv Conv Conv Split Dense Merge Dense Dense Dense
RGB 28@5x5 30@5x5 32@3x3 34@3x3 36@3x3 8@3x3
stride 2  stride 2 stride 2

200 8 64 512 128 1

What if we replace the fully connected layers by a recurrent neural network? \ Y }
ODE-RNN LSTMs LTC-based Networks?
X
G I s U s

Iy

i
0i(Yaul — M)
0(Valy = piz)

b
i
gy, + Cm,/A

1/t

x;(t +A4)
I

In

— - ; .
||||| ;le:ble Decision Making Lechner*, Hasani* et al. Nature MI, 2020 27
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LTCs: Performance
High-fidelity autonomy by LTCs
end-to-end learning of Neural Circuit Policies (NCP)

Now we compare properties of NCPs with a number of other models

NCPs LSTMs

Convolutional

Convolutional
Layers

Camera input

e overs _/*'NCP‘ 3
%

Convolutional Neural Networks (CNNs) CT-RNNs

Y e

Camera input

Convolutional

Camera input Layers

Illil- ;legible P Lechner*, Hasani* et al. Nature Ml, 2020 28
. [asanli



CNN dglvmg performance Fully-connected FuIIPl connected Motor
under 0“=0.1 pertubation layer #1 ayer # neurons
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NCP driving performance Sensory Inter Command  Motor

neurons neurons neurons neurons

Camera input stream IF'—T'I

Conv #1

Attention map

u
) { . o

Mode: Manual Conv #b5



NCP dglvmg perform.ance Sensory - Commsrd (s
under 0“=0.1 pertubation neurons neurons neurons neurons

Camera input stream

AENAARE

AT e

Conv #1 Conv #2

Attention map

'

@)
e
=
<
*
o

Mode: Manual



LTCs: Performance 25
Robustness to perturbations
20
N
o
N o
@ 15
- CNN 5
LSTM 5
- CT-RNN § 10
- LTC (ours) g
. < 5
Liquid time-constant neuron
resilience to sensory noise %
0
SEZZ BEZZ GEZZ  BEEIZ
ZNero ZNro ZNro Z0Nero
- ! - ! N .
R = P I
O O O O
0 0.1 0.2 0.3

Input noise variance

IIIII- ;le:ible P Lechner*, Hasani* et al. Nature Ml, 2020 32
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CNN

Camera input stream

CT-RNN LSTM Our solution
- -vi““x“:{&,s

rum

Mode:

Autonomous

Mode: Autonomous

Mode: Autonomous Mode: Autonomous
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Why can LTCs learn better causal relationships?

Taxonomy of Models

Adapted from: Peters, Janzing, Scholkopf, MIT Press, 2017

Dynamic Causal Models

dx 4 ™
— =g(x(t),I(t);0) | A B
- s & =9x010:0) (4 5
? Structural causal @+ I8 =) + 1) D +—¢
Internal coupling TC
’ Causal graphs Internal Intervention 1(¢)
. Statistical models External Intervention \_ y
[ N
Insights about system The I:[-:;C mczc('jelnre?uces
@ Learn from data Predict in 11D 5 md .emg ca IyMOZ |
Answer counter factual Interventions ynamic Causal ivioae
N y

III'- Flexible Decision Making
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Vorbach*, Hasani*, et al. NeurlPS 2021
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Differential equations can form causal structures

Physical dynamics can be modeled by a set of
differential equations

4 ) ( )

Predict future evolution of the Describe effect as a result
dynamical system of interventions

(Friston et al., 2003)

1]~ [lexble Decision Making Vorbach*, Hasani*, et al. NeurlPS 2021 36
R. Hasani



Differential equations can form causal structures

Given the following system of differential equations:

dx (x)
— — 9(X).
dt
where x € RY,  x(0) =xz9, ¢(x) = nonlinearity
Picard-Lindelo6f theorem Euler solution
(Nevanlinna, 1989) ‘ The Euler method unrolling:
states that above DE has a unique

= dt
solution as long as g is Lipschitz x(t +0t) = x(t) + dt g(x)

- Causal structure ~
(Scholkopf, 2019)

Representation under uniqueness conditions forms a temporally causal structure
\_ J

III'- Flexible Decision Making

1 . Vorbach*, Hasani*, et al. NeurlPS 2021
R. Hasani



Dynamic Causal Models (DCMs)

Bilinear
dX approximation dX
= glx(),1(t); 0) ey =% — (A4 (1) B) x(2) + C(1(1)
t (Friston et al., 2003) t
~ ~
Internal coupling Internal Intervention External Intervention AO 1‘3
2
Ox |1_q 0x 01 oI |, _, fC
Regulates hidden state Coanr;c]rgrllséc::ts\ll?rgll(éennosgcie\;ity Regulates external input L I(t) )
( )
The Liquid Time-constant (LTC) model reduces to a Dynamic Causal Model of this form if
— 1. g(*) is continuous and bounded — 2. T is positive
e.g., tanh(W,x(t) + WI(t) + b) Enforced by activation constraint
(Hirsch and Smale, 1973, Hasani, et al. 2021) (Funahashi and Nakamura, 1993)
\ V.
38
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LTC-based: Neural Circuit Policies

Performance — Attention ””’

Flying Performance Visual Backprop Attention Map

Vorbach*, Hasani*, et al. NeurlIPS 2021 39



Neural Circuit Policies

Performance — Attention

LSTM CT-GRU

* Red cubic target is fixed.
* Drone learns to navigate to
target by visual inputs only

Time

What the drone attends to

Ill [ Flexible Decision Making Vorbach*, Hasani*, et al. NeurlPS 2021 =
R. Hasani



Liquid Network’s Limitations

* The complexity of LTC-based networks depends on the complexity of their ODE-solvers
- long training and test time for larger networks
solution: 1) use stable fixed-step ODE-solvers [Hasani et al, AAAI 2021]
2) use Spa rse Flows [Liebenwein®* & Hasani * et al, NeurlPS 2021]
3) use Hypersolvers [poli et al, NeurlPS 2020]
4) use Closed-form variants [Hasani et al, Nature MI, 2022]

e Similar to all ODE-based networks they might express vanishing/exploding gradients issues
— Face difficulties in learning very long sequences
solution: 1) use mixed memory wrappers with them: [techner and Hasani, MemARI NeurlPs 2022]
2) Liquid Structural State-Space Models [Hasani et al. ICLR 2023]

III'- Flexible Decision Making 41
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Closed-form Solution of Liquid Networks

Closed-form Continuous-time Neural Networks

Postsynaptic Neuron
we solve this in

x(t) closed-form

dx(t)
= P50 ——) x(t) =

/ (x(0) — 4) e OO £—16)) + 4

Presynaptic Stimuli
I(t)

Synapses

this is a liquid time-
constant differential
equation instance

x(t) Postsynaptic neuron’s potential
A Synaptic reversal potential
f(.) Synaptic release nonlinearity
T Postsynaptic neuron’s time-constant

S(t)=fI(1) (A—x(D)

=== Flexible Decision Making )
III I : oo Hasani et al. Nature Ml 2022
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Closed-form Solution of Liquid Networks

Closed-form Continuous-time Neural Networks (CfCs)

Time Complexity of the process to compute K solver’s steps

Method Complexity Local Error
p-th order solver O(K-p)  O(e!™)
adaptive-step solver — O(er+l)
Euler hypersolver O(K) O(6€?)
p-th order hypersolver O(K:p) O(6ePt1)
CfC (Ours) O(K) not relevant

€ is step size
€ is the maximum step size
6 KO0

K is the input time steps

=== Flexible Decision Making )
III I : basoni Hasani et al. Nature Ml 2022
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Closed-form Solution of Liquid Networks

Closed-form Continuous-time Neural Networks (CfCs)

Sequence and time-step prediction complexity

Model Sequence Time-step

prediction prediction

RNN O (nk) O(k)
ODE-RNN  O(nkp) O(kp)
Transformer O (n%k) O (nk)
CfC O (nk) O(k)

n is sequence length
k is the number of hidden units
p is the order of the ODE-solver

I —————————————————==—=m=——="5"mmmm—mmmww—,,
III'- Flexible Decision Making

I R. Hasani

Hasani et al. Nature M1 2022
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Deriving the Closed-form Solution of LTCs

Theorem

For a given LTC initial-value problem determined by % = —(wr + f(x,1,0))x(t) + Af(x,L,0),

Constructed by one cell,

receiving a single dimensional time-series input I(t)

with no self-connections,

the following expression X(t) = (x(0) — A)e™ [w’”tJrf(I(t))t]f(—I(t)) + A

is an approximation of its closed-form solution by the following sharpness results:

x(t) — &%(t)] < |x(0) — Ale ¥ forallt > 0
1. Foranyt > 0, we have sup{:(x(t) — %(t)) | I : [0;t] — R} = e~®r%,
2. Forany t > 0, we have inf{1(x(t) — %(t)) | I : [0;t] = R} = e ¥ri(e™t —1).

c=x(0)—A

III'- Flexible Decision Making

I : can Hasani et al. Nature M| 2022 46



Tightness of the Closed-form Solution in Practice

liquid time-constant (LTC) module

S <

input stream

% @ Outputs

Perception module dynamics of each node

= (et f D) KO AL s IO

neuron’s state x(t)
Nonlinearity f(.)

/Vm Parameters w,, A
‘WW’L\UJHWWW LTC

\ Jw | closed-form
/\M\/’W /\V\H solution of LTC

Output neuron dynamics

Time (s)

x(t) = (x(0) — A) e Wetf DIt £y —) 4+ A

=== Flexible Decision Making )
III I : oo Hasani et al. Nature Ml 2022



Closed-form Continuous-time Neural Networks
Liquid CfCs

Input batch 0 neural network heads Hadamard A
(- \_H
o g g q
I,,0 ° ? Backbone 1 sligriielte
I(t) I, o o o o neural * f H ; H 0'()
1 ° o o o network —H :
toy t1 tr—i tr >t \ ) i 1 — 0
S | time vector €= (£, by, 7= Er) . 6
% Closed-form Continuous-depth (CfCL

x(t) = o(—f(x,L05) t) © g(x,I;05) + [1 — o(=[f(x,L; 0;)] t)| © h(x,1; 6r)

time-continuous gating time-conti;Gous gating
LTC’s Closed-form solution y Liquid ODE
X
#(t) = (x(0) — A)e” IO £(_1(1)) + A = = —(we+ fOLO)x(t) + Af(x,1,6)

=== Flexible Decision Making )
III I : basoni Hasani et al. Nature Ml 2022
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How Well liquid CfCs perform in Time-series modeling?
Physical Dynamics Modeling

Flexible Decision Making
R. Hasani

Table 6: Per time-step regression. Walker2d kinematic dataset. (mean + std, NV = 5)

Model Square-error

TODE-RNN (Rubanova et al., 2019) 1.904 £+ 0.061
TCT-RNN (Funahashi and Nakamura, 1993) 1.198 + 0.004
TAugmented LSTM (Hochreiter and Schmidhuber, 1997)  1.065 + 0.006
TCT-GRU (Mozer et al., 2017) 1.172 £ 0.011
TRNN-Decay (Rubanova et al., 2019) 1.406 £ 0.005
TBi-directional RNN (Schuster and Paliwal, 1997) 1.071 £ 0.009
TGRU-D (Che et al., 2018) 1.090 + 0.034
TPhasedLSTM (Neil et al., 2016) 1.063 + 0.010
TGRU-ODE (Rubanova et al., 2019) 1.051 £0.018
1CT-LSTM (Mei and Eisner, 2017) 1.014 £+ 0.014
TODE-LSTM (Lechner and Hasani, 2020) 0.883 4+ 0.014
coRNN (Rusch and Mishra, 2021) 3.241 £ 0.215
Lipschitz RNN (Erichson et al., 2021) 1.781 £ 0.013
LTC (Hasani et al., 2021) 0.662 £ 0.013
Transformer (Vaswani et al., 2017) 0.761 £+ 0.032
Ct-S (ours) 0.948 £ 0.009
CfC-noGate (ours) 0.650 £+ 0.008
CfC (ours) 0.643 £ 0.006
CfC-mmRNN (ours) 0.617 £ 0.006

Hasani et al. Nature M1 2022

49



Outline

III'- Flexible Decision Making
I R. Hasani

v' Task understanding and out of distribution generalization

50



Can Al Systems Understand the Task They Are Given?

Fly-to-target tasks

=== Flexible Decision Makin . . . .
Illll R. Hasani ; Chahine* & Hasani* et al. Science Robotics 2023
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Liquid Networks in closed-loop Aerial Vehicle Control

Sample Training Data

III'- Flexible Decision Making

SR — Chahine* & Hasani* et al. Science Robotics 2023
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Task: Identify and navigate to targFt "«‘.,,,
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LTC-based Network

Task: Identify and navigate to target
Deploy: Closed-loop testing -~

Causal attention - Success
: ' ,&.“ N”":? : ‘:v;‘-‘" ; . s A 3

5
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Generalization and Task understanding with Liquid Networks

Testing attention profiles of different networks offline

Temporal

Liquid CfC = liquid closed-form continuous-time
Neural ODE = neural ordinary differential equations
LSTM = long short-term memory

III'- Flexible Decision Making 55
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Liquid networks zero-shot transfer performance.
Generalization out-of-distribution

56

=== Flexible Decision Making . . . .
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In and Out of Distribution Performance

L] L] L] L] []
LSTM GRU-ODE ODE-RNN TCN Liquid NCP Liquid CfC
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Liquid Structural State-Space Models
Liquid S4

x(t) = [A+Bu(t)] x(t) + B u(t)
y(t) = Cx(t)

x(t) is an N-dimensional latent state, receiving a 1-dimensional input signal u(t),

and computing a 1-dimensional output signal y(¢). ANXN) B(Nx1) anq C(1*N) Note that D is set to
zero for simplicity.

I === Flexible Decision Making .
I I I : can Hasani et al. ICLR 2023



Liquid vs Transformers

Performance on sequence modeling tasks:

Model ListOps IMDB AAN CIFAR Pathfinder Path-X Avg.

(input length) 2048 2048 4000 1024 1024 16384
Random* 10.00 50.00 50.00 10.00 50.00 50.00 36.67
. . . Transformer* (Vaswani et al., 2017) 36.37 64.27 57.46 42.44 71.40 X 54.39
Q Sequentlal Imaqe proceSSInq Local Att.* (Tay et al., 2020b) 15.82 52.98 53.39 41.46 66.63 X 46.06
Sparse Transformer™ (Child et al., 2019) 17.07 63.58 59.59 44.24 71.71 X 51.24

0 . 3 * ; .
46% accuracy improvement over Transformers Longformer* (Beltagy et al., 2020) 35.63 62.85 56.89 42.22 69.71 X 53.46
Linformer* (Wang et al., 2020) 16.13 65.90 53.09 42.34 75.30 X 50.55
Reformer* (Kitaev et al., 2019) 37.27 56.10 53.40 38.07 68.50 X 50.56
0 o Sinkhorn Trans.” (Tay et al., 2020a) 33.67 61.20 53.83 41.23 67.45 b ¢ 51.23
Text sentiment analysis BigBird* (Zaheer et al., 2020) 36.05 64.02 59.29 40.83 74.87 X 55.01
Linear Trans.* (Katharopoulos et al., 2020) 16.13 65.90 53.09 42.34 75.30 X 50.46
o i { * anski et al.. 202
10 /O accuracy Improvement over Transformers Performer* (Choromanski et al., 2020) 18.01 65.40 53.82 42.77 77.05 X 51.18
FNet** (Lee-Thorp et al., 2021) 35.33 65.11 59.61 38.67 77.80 X 54.42
. . . . Nystromformer** (Xiong et al., 2021) 37.15 65.52 79.56 41.58 70.94 X 57.46
Recovering long info paths from 2D trajectories Luna-256** Ma et al. (2021) 3725 64.57 79.29 4738 71.72 x 59.37
H-Transformer-1D** (Zhu and Soricut, 2021) 49.53 78.69 63.99 46.05 68.78 X 61.41
16% accuracy improvement (context |ength 1K) CDIL (Cheng et al., 2022) 44.05 86.78 85.36 66.91 91.70 74.96
o/ ¢ DSS (Gupta, 2022) 57.6 76.6 87.6 85.8 84.1 79.45
96 /° Improvement (ConteXt |ength 16k) S4 (original)** (Gu et al., 2022a) 58.35 76.02 87.09 87.26 86.05 80.48
S4-LegS (Gu et al., 2022b) 59.60 (0.07) 86.82(0.13) 90.90 (0.15) 88.65 (0.23) 94.20(0.25) 86.09
e s S4-FouT (Gu et al., 2022b) 57.88 (1.90) 86.34 (0.31) 89.66 (0.88) 89.07 (0.19) 94.46 (0.26) X 77.90
@ Loq IISt Operatlons S4-LegS/FouT (Gu et al., 2022c) 60.45 (0.75) 86.78 (0.26) 90.30 (0.28) 89.00 (0.26) 94.44 (0.08) X 78.50
. S4D-LegS (Gu et al., 2022b) 60.47 (0.34) 86.18 (0.43) 89.46 (0.14) 88.19(0.26) 93.06 (1.24) 91.95 84.89
30% accuracy improvement over Transformers S4D-Inv (Gu et al., 2022b) 60.18 (0.35) 87.34(0.20) 91.09 (0.01) 87.83(0.37) 93.78(0.25) 9280 | 85.50
S4D-Lin (Gu et al., 2022b) 60.52 (0.51) 86.97 (0.23) 90.96 (0.09) 87.93 (0.34) 93.96 (0.60) X 78.39
S5 (Smith et al., 2022) 61.00 86.51 88.26 86.14 87.57 85.25 82.46
@ Information retrieval Liquid-S4 (ours) 6275 (2.2) 89.02 (2.04) 91.20 (;).01) 89.50 (30.4) 24802 P6s6000) | 8732
p=3 p= p= =1 p=2 pP=<

o . T
1% accuracy improvement Hasani et al. ICLR 2023



Liquid vs Transformers

Performance on sequential long-term signal

classification: Model Accuracy
Transformer (Trinh et al., 2018) 62.2
FlexConv (Romero et al., 2021a) 80.82
o TrellisNet (Bai et al., 2018) 73.42
LSTM 63.01
r-LSTM (Trinh et al., 2018) 72.2
UR-GRU (Gu et al., 2020b) 74.4
O HiPPO-RNN (Gu et al., 2020a) 61.1
LipschitzRNN (Erichson et al., 2021) 64.2

. Liquid-S4-PB (ours) 92.02 (0.14)

Performance Improvement over p=3

Transformers

Hasani et al. ICLR 2023



Use Case: Order Book Price Forecasting — Overview

Typical LOBSTER Data Sample

a .a b b a —.a b b
[plavlaplavh "'7pd7vd7pdvv ]

A\ J/

Length 4d (d=depth)

D pg - Ask/Bid prices at depth d

b
Vg, Vg - Ask/Bid volumes at depth d

& Liquid

LOBSTER Dataset

High frequency order book data at irregularly
frequencies

Non-stationary with low signal-to-noise ratio

Signals at multiple timescales, with long-range
interactions

Goal: Predict whether mid price will move up/down
in the next t; seconds



Use Case: Order Book Price Forecasting — Results

Context Length vs. Accuracy

Attention LSTM Ne Liquid

Context Length (L)
— 8192
—— 4096
— 2048
— 1024
— 512
— 256
— 128

0 20 40 60 0 20 40 60
Training Epoch Training Epoch Training Epoch

Liquid Al's models can effectively leverage long contexts lengths

(> LIC]UId Liquid Al Inc. | Confidential



Use Case: Order Book Price Forecasting — Results

Inference vs. Context length

—e— Nexus (Ours)
| —e— Attention

97.7x Faster

Time per step (s, Log)

100 10! 102 103 10 105  10°
Sequence Length (L)

o

At inference time, Liquid Al models' inference speeds
are Constant in sequence length, while attention gets

slower with longer sequences
o Liquid Liquid Al Inc. | Confidential



Use Case: Order Book Price Forecasting — Results

GPSM Nexus model trained on 130k context length with At = 0.05s

Ul
~
U

Ul
N
o

56.5

56.0 1

Validation Accuracy (%)

55.5 1

0 20 40 60 80 100 120
Training Epoch

Liquid Al models scale to ultra long (>130k) context

lengths in training
() LIC]UId Liq

uid Al Inc. | Confidential



Use Case: Credit Card Fraud Detection

Liquid resulted in 5% recall accuracy improvement and 82% reduction in false

positive rate
LSTM-Attention Liquid GPSM
Parameters 32k 7k 34k
Recall (%) 94.9% 99.4% 99.9%
False Positive 0.027 0.01 0.002
Training Step (ms) 4.52 4.36 8.09
Inference (ms) 1.89 1.35 2.48

& Liquid

Liquid Al Inc. | Confidential



PRODUCT

Liquid vs Transformers

Performance on medical time-series
(Human vital signals - BIDMC)

BIDMC
Model HR RR SPO2
UnICORNN (Rusch & Mishra, 2021b) 1.39 1.06 0.869
coRNN (Rusch & Mishra, 2021a) 1.81 1.45 -
CKConv* 2.05 1.214 1.051
NRDE (Morrill et al., 2021) 2.97 1.49 1.29
LSTM (Rusch & Mishra, 2021b) 10.7 2.28 -
Transformer* 12.2 2.61 3.02
XGBoost (Tan et al., 2021) 4.72 1.67 1.52
Random Forest (Tan et al., 2021) 5.69 1.85 1.74
Ridge Regress. (Tan et al., 2021) 17.3 3.86 4.16
Liquid-S4-PB (ours) 0.303 (0.002) 0.158 (0.001) 0.066 (0.002)
p=3 p=2 p=4

Accuracy improvement over
Transformers.

Hasani et al. ICLR 2023

(> LIC]UId Liquid Al Inc. | Confidential



Use Case: Speech Recognition on the Edge

Attention Liquid Nexus Model

- Controlling devices with voice commands

_ _ is challenging:
Hidden Size 128 128 - o
. - Requires an efficient & accurate model
est Accuracy (5 0.86 0.943 . i )
epochs) ‘ ' that recognizes words amidst noisy /
Time per Batch (s) 158.71 0.4 Iow—quality audio

- Liquid Nexus Model efficiently and
accurately classifies high sample rate
audio data in Speech Commands.

- Over 300X Time per Batch
improvement while maintaining efficiency

(> LIC]UId Liquid Al Inc. | Confidential



* ‘Liquid Networks to fly US Air Force jet aircraft X-62
. VISTA (derived from the F-16D Fighting Falcon)

NG

.....
....

5
’’’’’’

<

©Massachusetts Institute of Technology MIT Lincoln Laboratory, * N e _
Defense AdvancedrRes'e'ar_c-h Projects Agency (DARPA) EpiSci S 7 : ‘ : _ Sy A
—AFWERXand the Test Pilot School412th Test Win ' ‘

s s | - % P e e e TR -
Force Base at Edwards Air Force Base. - S R s s gl TR o
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https://www.linkedin.com/company/mit/
https://www.linkedin.com/company/mit-lincoln-laboratory/
https://www.linkedin.com/company/darpa/
https://www.linkedin.com/company/episci/
https://www.linkedin.com/company/afwerx-usaf/
https://www.linkedin.com/company/412th-test-wing/
https://www.linkedin.com/company/412th-test-wing/

Liquid Foundation Models (LFMs)

Model Sizes Context Length

1-100B 32k-20M
& Liquid Preview 0.1
: : O i I How can | help you today?
Scaled Liquid models
from 80k-parameter
network that drive
cars to:
@ ©

© 2024 Liquid Al Inc.

& Liquid
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GP PRIORS FOR SYSTEMS OF LINEAR PDE WITH CONSTANT COEFFICIENTS

Marc Harkonen!-2, Markus Lange-Hegermann3, Bogdan Raita*
1Max Planck Institute for Mathematics in the Sciences, Leipzig, Germany
2Fano Labs, Hong Kong SAR, China
3Institute Industrial IT, TH-OWL, Lemgo, Germany

4Scuola Normale Suieriore di Pisa, Pisa, Italy




Performance

Difference between the two methods is the additional

1 “inductive biases” or structure imposed

Less structure

Even less structure
More structure

W il

—

If we are here, we should choose “Less structure”. But
remember to undo later

\/

Compute

Credit: Hyung Won Chung, OpenAl
Talk at Stanford CS 25, yesterday!

& Liquid



Resources

Get Hands-on with LTC-based networks:
github.com/mlech261/keras—-ncp
github.com/raminmh/liquid time constant networks

Get Hands-on with the closed-form networks:
github.com/raminmh/CfC

Get Hands-on with Liquid-S4:
https://github.com/raminmh/liquid-s4

Get in touch: rhasani@mit.edu

=== Flexible Decision Making
I R. Hasani
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Learning representations from sequences of data requires expressive
temporal and structural credit assignment.

III'- Flexible Decision Making
I R. Hasani



Liquid Time-Constant (LTC) networks

1. Linear state-space model

dx(t)/dt = —x(t)/7 + S(¢) S(t) € RM

2. Non-linear synapse Model

S(t) = f(x(t),1(t),t,0)(A—-x(t))

C dx(t) A

O = [ O, 100), 1.0) | x()+ (1), 1(8), 1, 6) A

\ Liquid” = variable y

=== Flexible Decision Making )
III I : can Hasani et al. AAAI 2021



Liquid Networks Limitations

1. Liquid networks’ complexity is tied to their numerical solver
2. Learning Long term dependencies due to gradient issues

Solutions

1. Closed-form Continuous-Time Neural Networks [Hasani et al. Nature MI, 2022]
2. Mixed Memory Recurrent Networks [Lechner and Hasani, MemARI NeurlPS 2022]

3. Bring Liquid Dynamics in Structural State Space Models [Hasani et al. ICLR 2023]

III'- Flexible Decision Making
I R. Hasani



Structural State-Space Models [Gu et al. ICLR 2022]
State-Space Models (SSM)

x(t) = A x(t) + B u(t)
y(t) = Cx(t) + D u(t)

State-Space Models

A(NXN)’ B(NX1), C(lXN) and D(lxl)

x(t) is an N-dimensional latent state, receiving a 1-dimensional input signal u(#)

Discretization —_ = = ot . _ ot
! eat! kaAxk_1-|-Buk A:(I_EA) 1(I+§A)
yk=ka ﬁz(l—%A)_l(StB
C=C

III'- Flexible Decision Making
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kaka_l +§uk

Structural State-Space Models

SSM Convolutional Kernel Yr = Cxi

Xg = Euo, X1 = Euo + §u1, Xy = Kzﬁuo + ﬁul + Euz,
Yo = ﬁuo, Y1 = CABuy + ﬁul, Yo = ﬁzﬁuo + CABu; + ﬁuz,

The mapping u; — yx can now can be formulated into a convolutional kernel explicitly:

Vi = C—Ak§u0 +CA "Buy +... CABuy_1 + CBuy
y=Kxu

K € R := K.(C,A,B) := (CA'B),_,, = (CB,CAB,...,CA" 'B)

[L]

Diagonal Plus Low Rank decomposition (DPLR) + Hippo Initialization will do the job!

@n+1)3(2k+1)2 n>k (n+ Y2+ Y2 n>k
Ank=—qn+1 n=k Al =-31 n=k
0 n<k (4) (n+ Y2 (k+ Y2 n<k
B,=(2n+1)? P,=(n+1/2)? A=AM_ppPT AD —eig(a™)
(HiPPO-LegS matrix used in S4) (Normal / diagonal plus low-rank form)

III'- Flexible Decision Making

I R. Hasani Gu et al. ICLR 2022



Liquid Structural State-Space Models
Liquid S4

x(t) = [A+Bu(t)] x(t) + B u(t)
y(t) = Cx(t)

x(t) is an N-dimensional latent state, receiving a 1-dimensional input signal u(t),

and computing a 1-dimensional output signal y(¢). ANXN) B(Nx1) anq C(1*N) Note that D is set to
zero for simplicity.

I === Flexible Decision Making .
I I I : can Hasani et al. ICLR 2023



Liquid Structural State-Space Models
Liquid S4

xo = Buy,

yo = CBug

x; = ABuy + Buy+ B upu,

y1 = CABug + CBuy +CB iy

Xy = Kzﬁuo + ABuq + Buy+ ﬁzuoul + AB ugus + §2u1u2 + §3u0u1u2

A forward Euler Transformation
of the Linear LTC

X = (X-I—ﬁuk) Xi—1 —|—§uk
yr = Cx

A=1+%AB=4tB,andC=C

Y = C_Azﬁuo + CABu; + CBuy+ CAB2u0u1 + CAB2u0u2 + ﬁzuluz + ﬁSuouluz

yr = CA"Bug + CA" 'Buy + ... CABuy_; + CBuy +
C ———(k+1—p—i)=
Z Z CA( i _p_z)Bpuiqu - Up
p=2 UiUi41 - upEH(k+1,p)
fors € Zand 1 > 0, — Yy = K *u + Kliquid * Ucorrelations

III'- Flexible Decision Making
I R. Hasani

Hasani et al. ICLR 2023



Liquid Structural State-Space Models
Example: Liquid S4

T
(k—1)=2 \
(ca* Vg, ot
—9
CB, Up_1Uk
— )
cA2g® UoUy Uy
Kliquid * Ucorrelations — & :
ﬁ3, Uk 2Uk—1Uk
—(k—3)=4 UoU UL U
CA( )B , ouiru2u3
\ ﬁ‘l ) | Ug—3Uk—2UK—1U |

Here, Ucorrelations 1S @ vector of length (kaLl) + (k;'l) + (kf), and the kernel thui = REH+EH+HEE.

This additional kernel takes the temporal correlation of incoming input samples into consideration.

III'- Flexible Decision Making

I R Hasan Hasani et al. ICLR 2023



Liquid Structural State-Space Models

Liquid S4 Kernel

y = CA"Buo +CA" 'Bui +...CABuy_1 + CBuy, +
L — (k+1 )
Z Z CA( * _p_z)ﬁpuiqu e Up
P=2u;u;41 ... up€ll(k+1,p)
for: € Z and 1 > 0, — Y = K *u + Kliquid * Ucorrelations -
_ ; o (i -
Kiiqua € RE := K.(C,A,B) := (CA" ”)B”)ie[m, ip = (CA B

== Flexible Decision Making
I R. Hasani
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Liquid Structural State-Space Models

Liquid-S4 Kernel

'- Flexible Decision Making
R. Hasani

Algorithm 1 L1QUID-S4 KERNEL - The S4 convolution kernel (highlighted in black) is used from
Gu et al. (2022a) and Gu et al. (2022b). Liquid kernel computation is highlighted in purple.

Input: S4 parameters A, P, B,C € CV, step size A, liquid kernel order P, inputs seq length L,
liquid kernel sequence length L

Output: SSM convolution kernel K = K (A,B,C) and SSM liquid kernel Kjijuiq =
K;(A,B,C)for A= A — PP* (Eq. 6)

1: C «+ (I — ZL) C > Truncate SSM generating function (SSMGF) to length L
. |koo(w) Ko (w 2 1-w -1

2: lklo () k‘11 [ ] T — A) [B P] > Black-box Cauchy kernel
3: K(w) « 125 [koo( ) — ko1 (w)(1 + k11 (w)) " k1o(w)] > Woodbury Identity
4 K={K(w):w= exp(2mi L)} > Evaluate SSMGF at all roots of unity w € Qp,
5: K « iFFT(K) > Inverse Fourier Transform
6: if Mode == KB then > Liquid-S4 Kernel as shown in Eq. 14
7: for pin {2,...,P} do
8: Kiiquid=p = [f( i) ® E?;i i L)] *Jz > J7 is a backward identity matrix
9: Kiquia-append (K jiquid=p)

10: end for B

11: else if Mode == PB then > Liquid-S4 Kernel of Eq. 14 with A reduced to Identity.

12: forpin {2,...,P} do

13: thuld pi— C@B(L LL)

14: K liquid - append(K 11qu1d—p)

15: end for

16: end if

Hasani et al. ICLR 2023



